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In the present paper we provide a way of construction of all m-elements consistent
systems. These kinds of families of sets are the parameters determining the solutions
of some functional equation, which express the consistency condition appearing in
characterizing the plurality functions. First, we formulate the idea of extending p-elements
family to such m-tuples families which are m-elements consistent systems. Then we study
some of their properties and we use them in the constructing of extending p-elements
families to m-elements consistent systems and all such systems. Finally, we deal with m-
elements consistent systems which satisfy an additional condition.
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1. Introduction
The theory of social choice and mathematical description of this approach have been widely studied by many authors.
The plurality functions were introduced, characterized and then generalized by F.S. Roberts in [6] and [7]. We start by
recalling some results of F.S. Roberts in the approach proposed by G.L. Forti and L. Paganoni in [4]. Suppose that each of a
group of “experts” or “voters”, human or artiﬁcial, gives his or her ﬁrst choice among an ordered set A of m alternatives
a1, . . . ,am . A consensus function assigns to each such a set of choices a subset of A called the group’s consensus. The
plurality function is the consensus function which chooses as consensus all alternatives that receive the largest number of
ﬁrst choices. We can consider the consensus function as having an m-term sequence of 0’s and l’s (not all 0’s) as values,
the k-th term being 1 exactly if the k-th alternative is chosen by group consensus from the sequence (a1, . . . ,am) = A of
alternatives. Similarly, the domain may also consist of ordered m-tuples of nonnegative integers except all 0’s, with a c in
component i indicating that alternative ai was given as ﬁrst choice by c of the voters or the experts. More generally, if we
allow fractional choices or vote splitting, the domain would consist of nonnegative rational m-vectors or even nonnegative
real m-vectors except the zero vector 0m . Then the consensus function f = ( f1, . . . , fm) :R(m) := [0,+∞)m \{0m} → 0(m) :=
{0,1}m \ {0m}, is the plurality function (called also the indicator plurality function) if for all (x1, . . . , xm) ∈R(m)
f i(x1, . . . , xm) = 1 if and only if xi  xk for k = 1, . . . ,m.
F.S. Roberts gave a list of several axioms in order to characterize the plurality function among consensus functions. One of
them is a consistency condition:
f (x) · f (y) = 0m ⇒ f (x+ y) = f (x) · f (y), (1)
where x+ y := (x1 + y1, . . . , xm + ym), x · y := (x1 · y1, . . . , xm · ym) for x = (x1, . . . , xm) ∈R(m), y = (y1, . . . , ym) ∈R(m).
It expresses the following: If x = (x1, . . . , xm) and y = (y1, . . . , ym) are two domain vectors representing the choices of
two different groups of voters or experts among the same sequence (a1, . . . ,am) of alternatives and some alternative is
chosen by both groups, then an alternative ai is chosen by the combined group if and only if it is chosen by both groups
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interest in the theory of social choice to determine all functions f : R(m) → V , where V = R(m) or V = 0(m) satisfying
consistency condition (see Problem 1 (V = R(m)) and Problem 2 (V = 0(m)) in [8]). In paper [5] a description of all the
solution f :R(m) →R(m) of conditional equation (1) was given.
As a generalization of consistency condition, one may consider functions f : R(n) → R(m) (where n, m are arbitrary
natural numbers, independent of each other) satisfying the condition (1) for all x, y ∈R(n).
It may be shown that in such a case the description of all the solutions f = ( f1, . . . , fm) of conditional equation (1)
takes the form:
fν(x) =
{
expaν(x) for x ∈ Zν,
0 for x ∈R(n) \ Zν,
where aν :Rn →R are additive functions for ν = 1, . . . ,m, whereas the sets Zν satisfy the conditions
Z1 ∪ · · · ∪ Zm =R(n), (2)
i · j = 0m ⇒ Z i11 ∩ · · · ∩ Z imm + Z j11 ∩ · · · ∩ Z jmm ⊂ Z i1 j11 ∩ · · · ∩ Z im jmm , (3)
where i = (i1, . . . , im), j = ( j1, . . . , jm) ∈ 0(m),
E1 + E2 := {x+ y: x ∈ E1 and y ∈ E2} for E1, E2 ⊂Rn,
E1 := E, E0 :=R(n) \ E for E ⊂R(n).
The proof of this fact is analogous to the proof for the case of n =m in [5].
Let us notice that the parameters determining the solutions f : R(n) → V of Eq. (1), where V = R(m) or V = 0(m), are
systems of sets Z1, . . . , Zm satisfying conditions (2) and (3), as well as additive functions aν :Rn →R, which are identically
equal to zero if V = 0(m).
In the present paper, motivated by problem of characterizing the plurality functions, we provide a way of construction
of all m-tuples of families of sets Z1, . . . , Zm satisfying conditions (2) and (3) (called later m-elements consistent systems).
First we formulate the idea of extending the p-elements family to such m-tuples of families, and we study some of their
properties. The obtained properties we use in the construction of the extending p-elements families to m-tuples of families
of sets satisfying (2) and (3) and all such systems.
2. Preliminaries
We begin with recalling these results related to the systems Z1, . . . , Zm satisfying conditions (2) and (3) which we will
need in our investigations.
It may be proved (see [1]) that if the system of sets Z1, . . . , Zm satisﬁes condition (2), then condition (3) is equivalent to
the condition:
(i) the sets Z1, . . . , Zm are cones over Q for which
Z1l + Z1l ∩ Z0k ⊂ Z1l ∩ Z0k (4)
for all k, l ∈ {1, . . . ,m}.
Let us observe that if sets Z1, . . . , Zm satisfy condition (2), then for every x ∈ R(n) and every k ∈ {1, . . . ,m} there exists
a unique ik ∈ {0,1} such that x ∈ Z ikk (further on it will be denoted by ik(x)) and at least one j such that i j(x) = 1.
We notice that from condition (i) we obtain that if sets Z1, . . . , Zm are pairwise disjoint and satisfy condition (2), then
condition (3) is equivalent to the following condition: Z1, . . . , Zm are cones over Q.
It was shown (see [1]) that if the system of sets Z1, . . . , Zm fulﬁls conditions (2) and (3), then the system has the
following:
Property 1. For every ∅ = {l1, . . . , lν} ⊂ {1, . . . ,m} and for every (il1 , . . . , ilν ) ∈ 0(ν) the set Z := Z
il1
l1
∩ · · · ∩ Z ilνlν is a cone
over Q (x+ y ∈ Z and qx ∈ Z for all x, y ∈ Z and q ∈Q+).
Property 2. If there exist k, l ∈ {1, . . . ,m}, such that k = l and (Zk ∩ Zl)∗ = ∅, then
Zk ∩ 〈Zk ∩ Zl〉 = Zl ∩ 〈Zk ∩ Zl〉,
where 〈Zk ∩ Zl〉 is the linear subspace of Rn over the ﬁeld R generated by Zk ∩ Zl and (Zk ∩ Zl)∗ is the interior of the set
Zk ∩ Zl in 〈Zk ∩ Zl〉.
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We start from the following
Deﬁnition 3.1. A system of sets (Z1, . . . , Zm) is called m-elements consistent system iff it satisﬁes conditions (2) and (3).
Deﬁnition 3.2. We say that a system of sets Z1, . . . , Zp ⊂ R(n) can be extended to m-elements consistent system (p <m),
if there exists a system of sets Zp+1, . . . , Zm ⊂R(n) such that (Z1, . . . , Zm) is m-elements consistent system.
From now on, we assume that p <m.
The following question arises: What is a necessary and suﬃcient condition for a system of sets Z1, . . . , Zp ⊂ R(n) to be
extendable to m-elements consistent system.
The following theorem answers this question:
Theorem 3.1. A system of sets Z1, . . . , Zp ⊂ R(n) can be extended to m-elements consistent system if and only if the sets Z1, . . . , Zp
are cones over Q satisfying condition (4) for every k, l ∈ {1, . . . , p} and the set R(n) \ ⋃pi=1 Zi has a representation as a sum of
system Ap+1, . . . , Am, which elements are pairwise disjoint cones overQ. Then the system (Z1, . . . , Zp , Ap+1, . . . , Am) is m-elements
consistent system extending the system Z1, . . . , Zp .
Proof. First we assume that there exist Zp+1, . . . , Zm ⊂ R(n) such that the system (Z1, . . . , Zm) is m-elements consistent
system. Condition (3) is equivalent to condition (i), therefore the sets Z1, . . . , Zm are cones over Q, which satisfy condition
(4) for every k, l ∈ {1, . . . ,m}.
It suﬃces to prove that there exists a system Ap+1, . . . , Am of pairwise disjoint cones over Q such that
Ap+1 ∪ · · · ∪ Am =R(n) \
p⋃
i=1
Zi . (5)
Put
Ap+i := Z01 ∩ · · · ∩ Z0p+i−1 ∩ Z1p+i for i ∈ {1, . . . ,m − p}.
From Property 1 we get that the sets Ap+i are cones over Q for every i ∈ {1, . . . ,m − p}.
Notice that if m − p  2, then the sets Ap+1, . . . , Am are pairwise disjoint, because for arbitrary i, j ∈ {1, . . . ,m − p}
such that i < j we have Ap+i ∩ Ap+ j = (Z01 ∩ · · · ∩ Z0p+i−1 ∩ Z1p+i) ∩ (Z01 ∩ · · · ∩ Z0p+ j−1 ∩ Z1p+ j) ⊂ Z1p+i ∩ Z0p+i = ∅. From the
deﬁnition of the sets Ap+1, . . . , Am we get
Ap+1 ∪ · · · ∪ Am ⊂R(n) \
p⋃
i=1
Zi .
Now, take an arbitrary x ∈R(n) \⋃pi=1 Zi . Then there exists ν ∈ {p+ 1, . . . ,m} such that x ∈ Zν , and obviously, x ∈ Z01 ∩ · · · ∩
Z0p ∩ Z ip+1(x)p+1 ∩ · · · ∩ Z im(x)m . Let L = {l1, . . . , lk} be a subset of the set {1, . . . ,m− p} such that ip+l1 (x) = · · · = ip+lk (x) = 1. We
observe that the set L is not empty because ν − p ∈ L. Putting k :=min L we get
x ∈ Z01 ∩ · · · ∩ Z0p+k−1 ∩ Z1p+k = Ap+k,
therefore condition (5) holds.
Conversely, suppose that the sets Z1, . . . , Zp are cones over Q, which satisfy condition (4) for every k, l ∈ {1, . . . , p} and
the set R(n) \⋃pi=1 Zi = Ap+1 ∪ · · · ∪ Am , where Ap+1, . . . , Am are pairwise disjoint cones over Q.
Deﬁne
Zp+i := Ap+i for i ∈ {1, . . . ,m − p}.
It is obvious that Z1 ∪ · · · ∪ Zm = R(n), and condition (4) holds for every k, l ∈ {1, . . . ,m}, because Zk ∩ Zl = ∅ for every
k ∈ {1, . . . ,m}, l ∈ {p + 1, . . . ,m} such that k = l, which means that (Z1, . . . , Zp, Zp+1, . . . , Zm) is m-elements consistent
system extending the system Z1, . . . , Zp . 
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We will study some properties of m-elements consistent systems, which we will need later.
We prove the following two lemmas.
Lemma 4.1. If the system (Z1, . . . , Zm) is m-elements consistent system and Zk is a cone over R for some k ∈ {1, . . . ,m}, then for
every subset {l1, . . . , lν} of the set {1, . . . ,m} \ {k} and for every (il1 , . . . , ilν ) ∈ {0,1}ν the set Z
il1
l1
∩ · · · ∩ Z ilνlν ∩ Z1k is a cone over R.
Proof. Consider arbitrary {l1, . . . , lν} ⊂ {1, . . . ,m} \ {k} and (il1 , . . . , ilν ) ∈ {0,1}ν such that
Z
il1
l1
∩ · · · ∩ Z ilνlν ∩ Z1k = ∅.
From Property 1 we get that the set Z
il1
l1
∩ · · · ∩ Z ilνlν ∩ Z1k is a cone over Q.
Take x = (x1, . . . , xn) ∈ Z il1l1 ∩ · · · ∩ Z
ilν
lν
∩ Z1k and r ∈R+ . There exists q ∈Q+ such that q · r < 1. Obviously, (1− qr)x ∈ Z1k
and qrx ∈ Z1k , because Z1k is a cone over R. Notice that x = (1− qr)x+ qrx ∈ Z
ilt
lt
for every t ∈ {1, . . . , ν}. The following cases
are possible:
(a) ilt = 1,
(b) ilt = 0.
Case (a) If ilt = 1, then suppose that qrx ∈ Z0lt . By (4) we obtain x = (1 − qr)x + qrx ∈ Z1k + Z1k ∩ Z0lt ⊂ Z1k ∩ Z0lt ⊂ Z0lt , which
is a contradiction with the fact that the sets Z1lt and Z
0
lt
are mutually disjoint. It means that qrx ∈ Z1lt , and hence
rx ∈ Z1lt = Z
ilt
lt
.
Case (b) If ilt = 0, then suppose that qrx ∈ Z1lt . Since Z1lt is a cone over Q and x = (1−qr)x+qrx ∈ Z0lt , so (1−qr)x ∈ Z0lt . Take
q1 ∈Q+ such that q1r > 1. By applying condition (4) we get (q1 − q)rx = (q1r − 1)x + (1 − qr)x ∈ Z1k + Z1k ∩ Z0lt ⊂
Z1k ∩ Z0lt ⊂ Z0lt , which clearly is impossible, because qrx ∈ Z1lt . Therefore qrx ∈ Z0lt , which together with the fact that
Z1lt is a cone over Q gives that rx ∈ Z0lt = Z
ilt
lt
.
Thus rx ∈ Z iltlt for every t ∈ {1, . . . , ν}, so rx ∈ Z
il1
l1
∩ · · · ∩ Z ilνlν ∩ Z1k , which ﬁnishes the proof. 
Lemma 4.2. Let (Z1, . . . , Zp, Ap+1, . . . , Am) be m-elements consistent system such that Z1, . . . , Zp, Ap+1 are cones over R, the sets
Ap+1, . . . , Am are pairwise disjoint and Ap+1∪· · ·∪ Am =R(n)\⋃pi=1 Zi . If the system (Z1, . . . , Zp+1, Ap+2, . . . , Am) ism-elements
consistent system such that Ap+1 ⊂ Zp+1 ⊂ Z1 ∪ · · · ∪ Zp ∪ Ap+1 , then Zp+1 is a cone over R, and if Ap+1 = ∅, then Zp+1 ⊂ Ap+1 ,
where the Ap+1 is the closure of the set Ap+1 in 〈Ap+1〉.
Proof. Take an arbitrary y ∈ Z1p+1. Obviously,
y ∈ Z i1(y)1 ∩ · · · ∩ Z
ip(y)
p ∩ Z1p+1 ∩ A0p+2 ∩ · · · ∩ A0m.
If i1(y) = · · · = ip(y) = 0, then y ∈ A1p+1 and ry ∈ Ap+1 for every r ∈R+ .
If there exists ν ∈ {1, . . . , p} such that iν(y) = 1, then by Lemma 4.1 the set
Z i1(y)1 ∩ · · · ∩ Z
ip(y)
p ∩ Z1p+1 ∩ A0p+2 ∩ · · · ∩ A0m
is cone over R, hence
ry ∈ Z i1(y)1 ∩ · · · ∩ Z
ip(y)
p ∩ Z1p+1 ∩ A0p+2 ∩ · · · ∩ A0m ⊂ Z1p+1
for every r ∈R+ , therefore Z1p+1 is cone over R.
Let x ∈ Z01 ∩ · · · ∩ Z0p ∩ Z1p+1 ∩ A0p+2 ∩ · · · ∩ A0m = A1p+1. Since Ap+1 is cones over R, we have rx ∈ A1p+1 for every r ∈R+ .
From condition (3), because ip+1(rx) = ip+1(y) = 1 for every r ∈R+ , we obtain
rx+ y ∈ Z01 ∩ · · · ∩ Z0p ∩ Z1p+1 ∩ A0p+2 ∩ · · · ∩ A0m = A1p+1.
Therefore
lim
r→0(rx+ y) = y ∈ A
1
p+1,
so Zp+1 ⊂ Ap+1, which completes the proof. 
A. Bahyrycz / J. Math. Anal. Appl. 388 (2012) 39–47 435. The construction of allm-elements consistent systems extending Z1, . . . , Zp
Let a system of sets Z1, . . . , Zp ⊂ R(n) be such that it can be extended to m-elements consistent system. Now we are
going to investigate all possibilities of extending the system of set Z1, . . . , Zp to m-elements consistent system. Theorem 3.1
guarantees the existence of Ap+1, . . . , Am pairwise disjoint cones over Q such that condition (5) holds and the system
A := (Z1, . . . , Zp, Ap+1, . . . , Am) is m-elements consistent system extending the system Z1, . . . , Zp .
We start from searching all m-elements consistent systems (Z1, . . . , Zp, Zp+1, Ap+2, . . . , Am) such that Ap+1 ⊂ Zp+1 ⊂
Ap+1 ∪ Z1 ∪ · · · ∪ Zp .
We denote
Z Ap+1 :=
{
Zp+1: Ap+1 ⊂ Zp+1 ⊂ Ap+1 ∪ Z1 ∪ · · · ∪ Z p and Zp+1 is a cone overQ satisfying the conditions:
Z1k + Z1k ∩ Z0p+1 ⊂ Z1k ∩ Z0p+1 (6)
and
Z1p+1 + Z1p+1 ∩ Z0k ⊂ Z1p+1 ∩ Z0k (7)
for every k ∈ {1, . . . , p}},
U Ap+1 :=
{
(Z1, . . . , Zp, Zp+1, Ap+2, . . . , Am): Zp+1 ∈ Z Ap+1
}
.
We notice that the set Z Ap+1 is not empty, because Ap+1 ∈ Z Ap+1, therefore also U Ap+1 is not empty. We will show that each
element of the set U Ap+1 is m-elements consistent system extending the system Z1, . . . , Zp such that satisﬁes condition (5)
with p = p + 1.
Take an arbitrary (Z1, . . . , Zp, Zp+1, Ap+2, . . . , Am) ∈ U Ap+1. From the fact that A is m-elements consistent system we
obtain
(1) Z1 ∪ · · · ∪ Zp ∪ Ap+1 ∪ · · · ∪ Am =R(n),
(2) Z1, . . . , Zp, Ap+2, . . . , Am are cones over Q such that
∀k,l∈{1,...,m}\{p+1}C1k + C1k ∩ C0l ⊂ C1k ∩ C0l , where Ci =
{
Zi for i ∈ {1, . . . , p},
Ai for i ∈ {p + 2, . . . ,m}. (8)
The set Ap+1 is subset of Zp+1, whence and from (1) we get
Z1 ∪ · · · ∪ Zp+1 ∪ Ap+2 ∪ · · · ∪ Am =R(n).
From conditions (6), (7), (8) and from the fact that
∀i∈{2,...,m−p} Zp+1 ∩ Ap+i = ∅
we have
∀k,l∈{1,...,m}C1k + C1k ∩ C0l ⊂ C1k ∩ C0l , where Ci =
{
Zi for i ∈ {1, . . . , p + 1},
Ai for i ∈ {p + 2, . . . ,m}.
Thus all elements of the set U Ap+1 are m-elements consistent systems extending the system Z1, . . . , Zp , and Ap+2 ∪ · · · ∪
Am = R(n) \ (⋃pi=1 Zi ∪ Ap+1) = R(n) \⋃p+1i=1 Zi , because Ap+1 ∪ · · · ∪ Am = R(n) \⋃pi=1 Zi and Ap+1 ∩ Ap+i = ∅ for every
i ∈ {2, . . . ,m − p}.
Below we give a few examples of the systems of sets Z1, Z2 ⊂ R(2) such that they can be extended to 3-elements
consistent systems and corresponding the sets A3, A, Z A3 , U
A
3 .
In order to construct the sets Z A3 we will use the properties of m-elements consistent systems.
Example 1. Let Z1 = {(x, y) ∈R(2): y  12 x}, Z2 = {(x, y) ∈R(2): 12 x y  2x}.
Thus
A3 =
{
(x, y) ∈R(2): y > 2x},
A = (Z1, Z2, A3),
Z A3 =
{
A3, Z3 =
{
(x, y) ∈R(2): y  2x}},
U A3 =
{
A, (Z1, Z2, Z3)
}
.
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Thus
A3 =
{
(x, y) ∈R(2): 1
2
x < y < 2x
}
,
A = (Z1, Z2, A3),
Z A3 =
{
Z31 =
{
(x, y) ∈R(2): 1
2
x y < 2x
}
, Z32 =
{
(x, y) ∈R(2): 1
2
x < y  2x
}
,
Z33 =
{
(x, y) ∈R(2): 1
2
x y  2x
}
, A3
}
,
U A3 =
{
A, (Z1, Z2, Z31), (Z1, Z2, Z32), (Z1, Z2, Z33)
}
.
Observe that the set Z33 \ A3 = {(x, y) ∈R(2): y = 12 x∨ y = 2x} ⊂ Z1 ∪ Z2 is not a cone over Q.
Example 3. Let Z1 = {(x, y) ∈R(2): y  12 x}, Z2 = {(x, y) ∈R(2): 12 x < y < 2x}.
Thus
A3 =
{
(x, y) ∈R(2): y  2x},
A = (Z1, Z2, A3),
Z A3 = {A3},
U A3 = {A}.
Example 4. Let H be an arbitrary Hamel basis for R, such that 1 ∈ H . If x ∈R, then x has an expansion (unique up to terms
with coeﬃcients zero)
x = q +
k∑
i=1
qihi, q,qi ∈Q, hi ∈ H \ {1}, i = 1, . . . ,k.
Put P1 = {x ∈R: q 0} and P2 = {x ∈R: q < 0}.
Let Z1 = {(x, y) ∈R(2): y < 12 x∨ (x ∈ P1 ∧ y = 12 x)} and Z2 =R(2) \ Z1.
Thus
A3 = ∅,
A = (Z1, Z2, A3),
Z A3 =
{
Z1, Z2, Z31 =
{
(x, y) ∈R(2): x = 0}, Z32 = {(x, y) ∈R(2): x ∈ P1 ∧ y = 1
2
x
}
,
Z33 =
{
(x, y) ∈R(2): x ∈ P2 ∧ y = 1
2
x
}
, Z34 =
{
(x, y) ∈R(2): y = 0}, A3},
U A3 =
{
A, (Z1, Z2, Z1), (Z1, Z2, Z2), (Z1, Z2, Z31), (Z1, Z2, Z32), (Z1, Z2, Z33), (Z1, Z2, Z34)
}
.
Let us have a closer look at the systems A from Examples 2 and 3. We notice that if in Example 2 we change the order
of sets Z1, Z2, A3 i.e., A = (Z1, A3, Z2) we obtain the system A from Example 3. On the other hand, the sets U A3 from
Examples 2 and 3 are different.
Now we describe a way of construction of the set of all m-elements consistent systems extending the system Z1, . . . , Zp .
We denote
Up :=
{
Cp: Cp = (Z1, . . . , Zp, Ap+1, . . . , Am): Ap+1, . . . , Am are pairwise disjoint cones overQ
such that condition (5) holds
}
.
Let us observe that the set Up is not empty, because the system Z1, . . . , Zp can be extended to m-elements consistent
system.
For every Cp = (Z1, . . . , Zp, Ap+1, . . . , Am) ∈ Up we construct corresponding sets ZCpp+1 and U
Cp
p+1 (according to the pre-
vious description).
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Up+1 :=
⋃
Cp∈Up
U
Cp
p+1.
Of course, each element of the set Up+1 is an m-elements consistent system and if m − p > 1, then satisﬁes the condition
(5) with p = p + 1.
Proceeding in the analogous way, after (m − p) steps, we can construct the set Um , which each element is m-elements
consistent system extending the system Z1, . . . , Zp .
From the above concerning we have the following
Theorem5.1. Constructing in the aboveway the set Um is the set of allm-elements consistent systems extending the system Z1, . . . , Zp .
Proof. From the construction of the set Um follows that each element of this set is m-elements consistent system extending
the system Z1, . . . , Zp .
Let D = (Z1, . . . , Zp , Dp+1, . . . , Dm) be an arbitrary m-elements consistent system extending the system Z1, . . . , Zp . The
thing to prove is that D belongs to Um . Deﬁne
Ap+1 := Z01 ∩ · · · ∩ Z0p ∩ D1p+1,
and if m − p > 1, then
Ap+i := Z01 ∩ · · · ∩ Z0p ∩ D0p+1 ∩ · · · ∩ D0p+i−1 ∩ D1p+i for i ∈ {2, . . . ,m − p}.
Similarly as in the proof of Theorem 3.1 we can check that the system (Z1, . . . , Zp, Ap+1, . . . , Am) belongs to Up i.e., the
sets Ap+1, . . . , Am are pairwise disjoint cones over Q satisfying condition (5) and Dp+i ∈ ZCp+i−1p+i , Cp+i−1 ∈ Up+i−1 for every
i ∈ {1, . . . ,m − p}, where
Cp+i−1 =
{
(Z1, . . . , Zp, Ap+1, . . . , Am) for i = 1,
(Z1, . . . , Zp, Dp+1, . . . , Dp+i−1, Ap+i, . . . , Am) for i ∈ {2, . . . ,m − p}.
Thus D ∈ Um , which completes the proof. 
Let us make the following deﬁnition:
Deﬁnition 5.1. A system (A1, . . . , Am) is called m-elements basis system of R(n) if the sets A1, . . . , Am are pairwise disjoint
cones over Q, such that A1 ∪ · · · ∪ Am =R(n).
We denote
α = {B: B = (A1, . . . , Am) and A1, . . . , Am ism-elements basis system of R(n)}.
The set α is not empty because for example (R(n),∅, . . .∅︸ ︷︷ ︸
m−1
) ∈ α. We deﬁne an equivalence relation ∼ on the set α in the
following way:
∀B=(A1,...,Am), B∗=(A∗1,...,A∗m)∈α
(
B ∼ B∗ ⇔ A1 = A∗1
)
.
Each equivalence class [B]∼ , where B = (A1, . . . , Am) ∈ α, is the set of those elements belonging to the set α which ﬁrst
element equals A1. By β we denote the set of all equivalence classes given an equivalence relation ∼ on α.
We notice that the equivalence class [B]∼ ∈ β , where B = (A1, . . . , Am), is equal to the set U1 constructing according to
above description for one-element set A1 i.e., the set of all m-elements consistent systems extending the system A1, such
that m − 1 remaining cones are pairwise disjoint and their sum is equal to R(n) \ A1. By Theorem 3.1, for each equivalence
class [B = (A1, . . . , Am)]∼ ∈ β we can construct corresponding set Um([B]∼), which is the set of all m-elements consistent
systems extending the system A1.
Hence we derive the following result
Theorem 5.2. A set
U =
⋃
[B]∼∈β
Um
([B]∼)
is the set of all m-elements consistent systems of R(n).
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We do not know a way to construct all elements of the set α. Below we give a few examples of elements of this set.
Example 5. Let H be an arbitrary Hamel basis for Rn . We divide the set H into k (2 k m) pairwise disjoint subsets, so
that at most one of them is empty. We set the subsets in k-elements sequence H1, H2, . . . , Hk such that
∀i∈{1,...,k−1}Hi = ∅.
Each x ∈Rn has a representation
x =
l1∑
i=1
q1i h
1
i +
l2∑
i=1
q2i h
2
i + · · · +
lk∑
i=1
qki h
k
i ,
where l1, l2, . . . , lk ∈N, q ji ∈Q, h ji ∈ H j for j = 1, . . . ,k.
Put
P1 :=
{
x ∈Rn:
l1∑
i=1
q1i > 0
}
,
P j :=
{
x ∈Rn: ∀ν∈{1,..., j−1}
lν∑
i=1
qνi  0 and
l j∑
i=1
q ji > 0
}
for 1 < j < k,
Pk :=
{
x ∈Rn: ∀ν∈{1,...,k−1}
lν∑
i=1
qνi  0
}
.
We notice that the sets P1, P2, . . . , Pk are not empty, pairwise disjoint and
⋃k
i=1 Pi =Rn .
Denote
A j := P j ∩R(n) for j ∈ {1, . . . ,k}.
It is easy to check that the sets A1, A2, . . . , Ak are pairwise disjoint cones over Q such that
⋃k
i=1 Ai =R(n).
If k <m, then we put
Ak+1 = · · · = Am = ∅.
We consider all m-elements sequences (Aπ(1), . . . , Aπ(m)) where π is an arbitrary permutation of the set {1, . . . ,m}. Clearly,
those sequences belong to the set α. If k 3, then we can do some modiﬁcations of this example.
For example we can put
P ′1 :=
{
x ∈Rn:
l1∑
i=1
q1i  0
}
,
P ′2 :=
{
x ∈Rn:
l1∑
i=1
q1i > 0 and
l2∑
i=1
q2i < 0
}
,
P ′j :=
{
x ∈Rn: ∀ν∈{1,..., j−1}\{2}
lν∑
i=1
qνi > 0 and
l2∑
i=1
q2i  0 and
l j∑
i=1
q ji  0
}
for 2 < j < k,
P ′k :=
{
x ∈Rn: ∀ν∈{1,...,k−1}\{2}
lν∑
i=1
qνi > 0 and
l2∑
i=1
q2i  0
}
.
We notice that above sets have the same properties as the sets P1, P2, . . . , Pk concerning at the beginning of Example 5.
Example 6. A set
αR = {B: B = (A1, . . . , Am) ∈ α: A1, . . . , Am are cones over R}
is very interesting subset of α.
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that their elements are cones over R and n =m. Finally, we will show the following
Theorem 6.1. The set
UR :=
⋃
[B]∼∈βR
Um
([B]∼)
is the set of all m-elements consistent systems such that all their elements are cones over R, where βR is the set of all equivalence
classes given the equivalent relation ∼ considering on the set αR .
Proof. Reasoning likewise as for the set α and using Lemma 4.2 we get that every element of the set UR is m-elements
consistent system such that all its elements are cones over R.
Let (D1, . . . , Dm) be an arbitrary m-elements consistent system such that D1, . . . , Dm are cones over R.
We denote:
Ai := D01 ∩ · · · ∩ D0i−1 ∩ D1i for i ∈ {2, . . . ,m}.
By Lemma 4.1 we obtain that Ai is cone over R for all i ∈ {2, . . . ,m}.
It is easy to check that
(D1, A2, . . . , Am) ∈ αR and (D1, . . . , Dm) ∈ Um
([
(D1, A2, . . . , Am)
]
∼
)⊂ UR. 
Theorem 6.1 may be treated as a generalization of the construction of all m-elements consistent systems such that their
elements are cones over R from [4] for the case of n, m being arbitrarily chosen natural numbers, independent of each
other.
We notice that the system (Z1, Z2, A3) from Example 4 is element of the set α, which can be constructed as a mix of
ways of construction from Examples 5 and 6.
It would be tempting to conjecture that all elements of the set α can be constructed in one of the above ways. But this
is not the case as will become apparent from the following
Example 7. The system (Z1, . . . , Zm) from the paper [2] (where m 3 and
Z1 =
{
(x1, . . . , xn) ∈R(n): x1 ∈
(
D ∩R(1))∪ {0}},
Z2 =
{
(x1, . . . , xn) ∈R(n): x1 ∈
(
Γ2 ∩R(1)
)}
,
Z3 =
{
(x1, . . . , xn) ∈R(n): x1 ∈
(
Γ3 ∩R(1)
)}
and Zk = ∅ for otherwise), which construction is very long, cannot be constructed in one of the above ways.
The way of construction of all elements of the set α is an open problem.
Acknowledgments
The author wishes to express her thanks to the referees for several helpful suggestions.
References
[1] A. Bahyrycz, On sets associated to conditional equation of exponential function, Ann. Acad. Pedagog. Crac. Stud. Math. 6 (2007) 19–33.
[2] A. Bahyrycz, On the problem concerning the indicator plurality function, Opuscula Math. 21 (2001) 11–30.
[3] G.L. Forti, L. Paganoni, Description of the solution of a system of functional equations related to plurality functions: the low-dimensional cases, Results
Math. 27 (1995) 346–361.
[4] G.L. Forti, L. Paganoni, A system of functional equations related to plurality functions. A method for the construction of the solutions, Aequationes
Math. 52 (1996) 135–156.
[5] Z. Moszner, Sur les fonctions de pluralité, Aequationes Math. 47 (1994) 175–190.
[6] F.S. Roberts, Characterization of the plurality function, Math. Social Sci. 21 (1991) 101–127.
[7] F.S. Roberts, On the indicator function of plurality function, Math. Social Sci. 22 (1991) 163–174.
[8] F.S. Roberts, P-290, problems and solutions, Aequationes Math. 44 (1992) 124.
